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 . n kLet f z s z q  a z be the sequence of partial sums of a functionn ks2 k
 . ` k < <f z s z q  a z that is analytic in z - 1 and either starlike of order a orks2 k
 4convex of order a , 0 F a - 1. When the coefficients a are ``small,'' we deter-k
  .  4   .  .4   . X .4mine lower bounds on Re f z rf z , Re f z rf z , Re f 9 z rf z , andn n n
 X .  .4Re f z rf 9 z . In all cases, the results are sharp for each n. Q 1997 Academicn
Press
1. INTRODUCTION
Let S denote the class of functions of the form
`
kf z s z q a z 1 .  . k
ks2
 < < 4that are analytic and univalent in the unit disk D s z: z - 1 . A function
 .f in S is said to be starlike of order a , 0 F a - 1, denoted S* a , if
 4  .Re zf 9rf ) a , z g D, and is said to be con¨ex of order a , denoted K a ,
 4  .  .if Re 1 q zf 0rf 9 ) a , z g D. Let T* a and C a be the subfamilies of
 .  .S* a and K a , respectively, whose functions are of the form
`
kf z s z y a z , a G 0. 2 .  . k k
ks2
* This work was completed while the author was on sabbatical leave from the University of
Charleston as a Visiting Scholar at the University of California, San Diego.
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 .  .A sufficient condition for a function of the form 1 to be in S* a is that
`
< <k y a a F 1 y a 3 .  . k
ks2
 .and to be in K a is that
`
< <k k y a a F 1 y a . 4 .  . k
ks2
 .For functions of the form 2 , these sufficient conditions are also neces-
w xsary. See 3 .
 .In this note, we will examine the ratio of a function of the form 1 to its
 . n ksequence of partial sums f z s z q  a z when the coefficients of fn ks2 k
 .  .are sufficiently small to satisfy either condition 3 or 4 . We will deter-
  .  .4   .  .4mine sharp lower bounds for Re f z rf z , Re f z rf z ,n n
  . X .4  X .  .4Re f 9 z rf z , and Re f z rf 9 z .n n
w x   .  .4  .Sheil-Small 2 showed that inf Re f z rf z for f g K 0 occurs whenn
w x   .  .4n s 1. In 1 , a sharp lower bound was found for Re f z rf z when1
 . w x   .  .4f g K a . E. M. Silvia 4 investigated lower bounds on Re f z rf z forn
 .  .   .  .4  .f g T* a and f g C a . She showed that Re f z rf z G 1r 2 y an
 .   .  .4  .  .  .for f g T* a and that Re f z rf z G 3 y a r 4 y 2a for f g C a .n
These results are sharp when n s 1.
  .  .4   .  .4Generally, lower bounds on ratios like Re f z rf z or Re f z rf zn n
have been found to be sharp only when n s 1. In this paper, we determine
sharpness for all values of n. The lower bounds in question are strictly
increasing functions of n.
In the sequel, we will make frequent use of the well-known result that
  ..   ..4  . ` kRe 1 q w z r 1 y w z ) 0, z g D, if and only if w z s  c zks1 k
<  . < < <satisfies the inequality w z F z . Unless otherwise stated, we will as-
 .sume that f is of the form 1 and that its sequence of partial sums is
 . n kdenoted by f z s z q  a z .n ks2 k
2. MAIN RESULTS
 .  .THEOREM 1. If f of the form 1 satisfies condition 3 , then
  .  ..  .Re f z rf z G nr n q 1 y a , z g D. The result is sharp for e¨ery n,n
 .  .  .. nq1with extremal function f z s z q 1 y a r n q 1 y a z .
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Proof. We may write
n q 1 y a f z n .
y
1 y a f z n q 1 y a .n
n `
ky1 ky11 q a z q n q 1 y a r 1 y a a z .  . . k k
ks2 ksnq1s n
ky11 q a z k
ks2
1 q A z .
[ .
1 q B z .
  ..   ..   ..   ..  .Set 1 q A z r 1 q B z s 1 q w z r 1 y w z , so that w z s
  .  ..   .  ..A z y B z r 2 q A z q B z . Then
`
ky1n q 1 y a r 1 y a a z .  . .  k
ksnq1w z s . n `
ky1 ky12 q 2 a z q n q 1 y a r 1 y a a z .  . . k k
ks2 ksnq1
and
`
< <n q 1 y a r 1 y a a .  . .  k
ksnq1w z F . . n `
< < < <2 y 2 a y n q 1 y a r 1 y a a .  . . k k
ks2 ksnq1
<  . <   .  .. ` < <Now w z F 1 if and only if 2 n q 1 y a r 1 y a  a F 2 yksnq1 k
n < <2 a , which is equivalent toks2 k
n ` n q 1 y a
< < < <a q a F 1. 5 . k k1 y aks2 ksnq1
 . ` It suffices to show that the LHS of 5 is bounded above by  k yks2
.  .. < <a r 1 y a a , which is equivalent tok
n `k y 1 k y n y 1
< < < <a q a G 0. k k /  /1 y a 1 y aks2 ksnq1
H. SILVERMAN224
 .  .  .. nq1To see that f z s z q 1 y a r n q 1 y a z gives the sharp
result, we observe for z s rep i r n that
f z 1 y a 1 y a .
ns 1 q z ª 1 y /f z n q 1 y a n q 1 y a .n
n
ys when r ª 1 .
n q 1 y a
 .  .THEOREM 2. If f of the form 1 satisfies condition 4 , then
  .  ..  .  . .Re f z rf z G n n q 2 y a r n q 1 n q 1 y a , z g D. The result isn
 .  .  .sharp for e¨ery n, with extremal function f z s z q 1 y a r n q 1 n q
.. nq11 y a z .
Proof. We write
n q 1 n q 1 y a f z n n q 2 y a .  .  .  .
y
1 y a f z n q 1 n q 1 y a .  .  .n
n `
ky1 ky11q a z q nq1 nq1ya r 1 y a a z .  .  . . k k
ks2 ksnq1s n
ky11 q a z k
ks2
1 q w z .
[ ,
1 y w z .
where
`
ky1n q 1 n q 1 y a r 1 y a a z .  .  . .  k
ksnq1w z s . . n `
ky1 ky12q2 a z q nq1 nq1ya r 1ya a z .  .  . . k k
ks2 ksnq1
Now
`
< <n q 1 n q 1 y a r 1 y a a .  .  . .  k
ksnq1w z F F 1 . n `
< < < <2y2 a y nq1 nq1ya r 1ya a .  .  . . k k
ks2 ksnq1
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if
n `n q 1 n q 1 y a .  .
< < < <a q a F 1. 6 . k k1 y aks2 ksnq1
 . `   .  .. < <The LHS of 6 is bounded above by  k k y a r 1 y a a ifks2 k
n1
< <k k y a y 1 y a a .  . k1 y a ks2
`
< <q k k y a y n q 1 n q 1 y a a G 0, .  .  . k 5
ksnq1
and the proof is complete.
w xRemark. Our results in Theorems 1 and 2 agree with those in 4 for
the special case n s 1 and are an improvement when n ) 1.
 .  .We next determine bounds for f z rf z .n
 .  .  .THEOREM 3. a If f of the form 1 satisfies condition 3 , then
  .  ..  .  .Re f z rf z G n q 1 y a r n q 2 y 2a , z g D.n
 .  .   .  ..  .b If f satisfies condition 4 , then Re f z rf z G n q 1 n qn
.  . .  ..1 y a r n q 1 n q 1 y a q 1 y a .
 .  .  .  .. nq1  .Equality holds in a for f z s z q 1 y a r n q 1 y a z and in b
 .  .  . .. nq1for f z s z q 1 y a r n q 1 n q 1 y a z .
 .  .Proof. We prove a . The proof of b is similar and will be omitted. We
write
n q 2 1 y a f z n q 1 y a .  .n y
1 y a f z n q 2 1 y a .  .
n `
ky1 ky11 q a z y n q 1 y a r 1 y a a z .  . . k k
ks2 ksnq1s `
ky11 q a z k
ks2
1 q w z .
[ ,
1 y w z .
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where
`
< <n q 2 y 2a r 1 y a a .  . .  k
ksnq1w z F F 1. . n `
< < < <2 y 2 a y nr1 y a a . k k
ks2 ksnq1
This last inequality is equivalent to
n `n q 1 y a
< < < <a q a F 1. 7 . k k1 y aks2 ksnq1
 . `  .  .. < <Since the LHS of 7 is bounded above by  k y a r 1 y a a , theks2 k
proof is complete.
We next turn to ratios involving derivatives.
 .  .THEOREM 4. If f of the form 1 satisfies condition 3 , then for z g D,
 .   . X ..  .a Re f 9 z rf z G a nr n q 1 y a ,n
 .  X .  ..  .  .  .b Re f z rf 9 z G n q 1 y a r n q 1 y a q n q 1 1 yn
..a .
 .  . In both cases, the extremal function is f z s z q 1 y a r n q 1 y
.. nq1a z .
 .Proof. We prove only a , which is similar in spirit to the proof of
 .  .Theorem 1. The proof of b follows the pattern of that in Theorem 3 a .
We write
n q 1 y a f 9 z a n 1 q w z .  .
y [ ,Xn q 1 1 y a f z n q 1 y a 1 y w z .  .  .  .n
where
`
ky1n q 1 y a r n q 1 1 y a ka z .  .  . .  k
ksnq1w z s . . n `
ky1 ky12q2 ka z q nq1ya r nq1 1ya ka z .  .  . . k k
ks2 ksnq1
<  . <Now w z F 1 if
n `n q 1 y a
< < < <k a q k a F 1. 8 . k kn q 1 1 y a .  .ks2 ksnq1
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 . `  .  .. < <Since the LHS of 8 is bounded above by  k y a r 1 y a a , theks2 k
proof is complete.
 .  .THEOREM 5. If f of the form 1 satisfies condition 4 , then for z g D,
 .   . X ..  .a Re f 9 z rf z G nr n q 1 y a ,n
 .  X .  ..  .  .b Re f z rf 9 z G n q 1 y a r n q 2 y 2a .n
 .  .  .In both cases, the extremal function is f z s z q 1 y a r n q 1 n q
.. nq11 y a z .
 .  .Proof. It is well known that f g K a m zf 9 g S9 a . In particular, f
 .  .  .satisfies condition 4 if and only if zf 9 satisfies condition 3 . Thus, a is
 .an immediate consequence of Theorem 1 and b follows directly from
 .Theorem 3 a .
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